Abstract. Let M be a right R-module and S = End R (M). We call M a K -extending module if for every element φ ∈ S, Kerφ is essential in a direct summand of M. In this paper we investigate these modules. We give a characterization of K -extending modules. We prove that if M is a projective self-generator module, then M is a K -extending module and every finitely generated projective right ideal of S is a summand if and only if S is semiregular and ∆(M) = Jac(S), where 
Introduction
Throughout this paper R will denote an associative ring with identity, M a unitary right R-module and S = End R (M ) the ring of all R-endomorphisms of M . We will use the notation Extending modules, continuous modules and lifting modules play important roles in rings and categories of modules, and have been studied extensively by many authors in recent years (see, [4] , [5] , [7] , [9] , [11] It is obvious that every lifting module is I -lifting while the converse in not true (the Z-module Q is I -lifting but it is not lifting). A ring R is called a semiregular ring if for each a ∈ R, there exists e 2 = e ∈ aR such that (1 − e)a ∈ J (R) [10] . It is easily checked that R R is an I -lifting module if and only if R is a semiregular ring. In [11] , Nicholson and Yousif introduced right I -semiregular rings for an ideal I of a ring R. A ring R is called a right In [11] , a ring R is called an ACS-ring if for every element a ∈ R, r R (a) ≤ e f R for some
Inspired by this definition we introduce and investigate K -extending modules as a generalization of the ACS-ring. We call M a K -extending module if for every element φ ∈ S, Kerφ is essential in a direct summand of M . These modules are also a generalization of extending modules and dual of I -lifting modules. It is clear that R R is a K -extending module if and only if R is an ACS-ring. In this paper our aim is to generalize the some results of [11] from the ring case to the module case.
In Section 2, we characterize semi-projective F -I -lifting modules. We show that the following are equivalent for a semi-projective retractable module M :
In Section 3, we give a characterization of K -extending modules. We prove that if M is a projective self-generator module, then M is a K -extending module and every finitely generated projective right ideal of S is a summand if and only if S is semiregular and
We also prove the following which generalizes [11, Corollary 2.7] :
Let M be a projective self-generator module. Then the following are equivalent:
(2) M has (C 2 ) and M ⊕ M is extending. (1) There exists e 2 = e ∈ φS with (φ − eφ)M ⊆ F .
(2) There exists e 2 = e ∈ φS with φM ∩ (1 − e)M ⊆ F .
(3) φM = e M ⊕ N where e 2 = e ∈ S and N ⊆ F . (ii) Jac(S)M ⊆ F , and
We induct on n where I = f 0 S + · · · + f n S. If n = 1 there is nothing to prove by (1). If n ≥ 2, then (1) and Lemma 2.2 give
(2) ⇒ (3) Let I and γ be as in (2) .
Suppose these conditions hold. Then (i ) follows from Lemma 2.2, and (i i ) follows (i ).
Lemma 2.4. Let M be a semi-projective module. Consider the following conditions for φ ∈ S:
(1) φM = e M ⊕ N where e 2 = e ∈ S and N is a singular submodule of M . have 
Proof. 
K -extending modules
Definition 3.1. We call a module M a K -extending module if for every element φ ∈ S, Kerφ ≤ e e M for some e 2 = e ∈ S.
Ir it clear that for M = R R , the notion of a K -extending module coincides with that of an ACS-ring.
Example 3.2.
(1) Every extending module is a K -extending module.
(2) A module M is said to be Rickart if, for every φ ∈ End R (M ), Kerφ ≤ ⊕ M [8] . Rickart modules are precisely nonsingular K -extending modules. 
Since Q is nonsingular, K = Ker( f ). It follows that Q embeds in Z, which is a contradiction. 
(1) M is a K -extending module.
(2) φM = P ⊕ N where P R is a projective module and N R is a singular module.
(3) φS = A⊕B where A S is a projective right ideal of S and B S is a right ideal of S with B ⊆ ∆(M ).
Then ( , and so φ(1 − e)M is singular by
(2) ⇒ (1) Suppose that φM = P ⊕N as in (2), and let π : φM → P be the projection with Ker(π) = N . Then define γ : M → P by γ(m) = π(φm), and write K = Ker(γ). Then γ is onto so, as
Hence we have a map
is singular. Since K is projective, it follows that r M (φ) ≤ e K by [11, Lemma 2.1].
(1) ⇒ (3) Let r M (φ) ≤ e (1 − e)M where e 2 = e ∈ S. First we show that φS = φeS ⊕ φ(1 − e)S.
So, for all m ∈ M , (e f
Hence e f m = 0 and so e f M = 0. Thus
, and so 
It is enough to show that there exists
There exists h 2 = h ∈ S such that Ker(1 − f )e ≤ e hM as M is a K -extending module. Since
Since e M ∩ hM is a direct summand of hM , e M ∩ hM is a direct summand of M .
(2) ⇒ (3) is obvious to take that N is a direct summand of M . 
Corollary 3.5. Every direct summand of a K -extending module is K -extending.
We recall that the module M is K -nonsingular if, for all φ ∈ S, Kerφ ≤ e M implies φ = 0.
Proposition 3.6. The following conditions are equivalent for a K -nonsingular module M :
(1) M is an indecomposable K -extending module;
(2) Every nonzero endomorphism φ ∈ S is a monomorphism.
Then there exists e 2 = e ∈ S such that Kerφ ≤ e e M . Since M is indecomposable, e = 0 or e = 1.
If e = 1, then Kerφ ≤ e M . By K -nonsingularity, φ = 0, a contradiction. Thus e = 0 and so φ is a monomorphism.
(2) ⇒ (1) is clear.
A ring is called I -finite if it contains no infinite set of orthogonal idempotents.
Proposition 3.7. Let M be a K -extending module.
(2) If S is I -finite, every left annihilator ℓ S (X ) with X ⊆ M , has the form ℓ S (X ) = Se ⊕ T where e 2 = e ∈ S and R T ⊆ ∆(M ).
Proof.
(1) Choose φ ∈ ℓ S (X ), φ ∈ ∆(M ). By hypothesis, r M (φ) ≤ e e M where e 2 = e ∈ S and e = 1
(2) If ℓ S (X ) ⊆ ∆(M ), then take e = 0 and T = ℓ S (X ). Otherwise use (1) and the I -finite hypothesis to choose e maximal in {e ∈ S | 0 = e 2 = e ∈ ℓ S (X ) }, where e ≤ f means e ∈ f S f . Then (1) . Then f e = 0 so g = e + f − e f satisfies g 2 = g ∈ ℓ S (X ) and e ≤ g . Thus g = e by the choice of e, and so f = e f and f = f 2 = f (e f ) = 0, a contradiction.
According to [12] , M is called a Baer module if for every left ideal I of S, ∩ φ∈I Kerφ is a direct summand of M . Clearly, a ring R is a right weakly continuous ring if R R is a weakly continuous module.
Example 3.11.
(1) It is clear that every continuous module is weakly continuous.
(2) The Z-module Z is a noetherian K -extending module which is not weakly continuous. (6) ⇒ (7) To verify the right C 2 -condition, let I be a right ideal of S which is isomorphic to a summand of S. Then I is projective and principal, so I is a summand by (6), as required. Proof. It is clear by Theorem 3.12.
